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Define a sirnple graph 1G to be k-superuniversal iff for any k-element simple graph K and for 
any full subgraph H of K every full embedding of H into G can be extended to a full 
embedding of # into G. We prove that for each positive integer k there exist finite 
k-superuniversal graphs, and we find upper and lower bound:; on the smallest such graphs. We 
also find various bounds on the number of edges as well as the maximal and minimal valence of 
a k-superuniversa? graph. We then generalize the notion of k-suveruniversality to coqyler graphs 
with colorings and prove similar and related theorems. 
1. Iutmduction 
In this paper we shall consider a. generalization of universa!ity and its applica- 
tion *LO finite graphs. Consider the graphs F, G, and H, below (Fig. 1). Clearly F is 
universal with respect to 3-element simple graphs in that any stich graph can be 
fully embedded into it. Qn the other hand, if we take the graph G and begin to 
embed it into F by mapping r to a and s io Lh) then we cannot comglete the 
embedding. However, it can be seen that if we embed any part of any 3-element 
simple graph into the graph H, then we can always complete the embed&q Thus 
we shall refer to I-I as 3+upenmiversall, and, more generally, we shall be 
concerned with the following and its variations. 
Deiinition 1.1. For any positive integer k: a simple grabph G is k-superurl, versa! iff 
given sny k-element simple graph /I-I and any full embedding f of a subgraph of I-6 
into G, .f can be extended to ,I Ml embedding of all of H into G. 
(For applications of this notio I to infinite graphs ad metric sp,aces !<c ;: [I+]., 
l[n what follows all graphs will be si:nple. a,ld all embeddings wiL bs full; i.e. 
graphs will have at most one: edge between any t:No vertices, and if f i> XI 
embedding, then f(a) will be adjacent ta f(h) if and otzly if CI is actja(ent 10 II. 
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Fig. 1. 
While technically a graph G should be thought of as an ordered p&ix (V& EG) 
with VG being the vertices and ET& the edges of G, we shall almost always use a 
&lgie symbol, say G, to denote both the set of vertices of a graph and the graph 
itself. For any vertex ‘u of any graph G we shall use o + to denote the :set of 
vertices of G which are adjacent :to v, and we shall use V- to denote the set 
G - v ‘- -(v] unless 4:; carries a coloring. In this latter case 2; - will denote the set: 
of vertices of G which are not adjalcent to v and which are not of the same color 
as v. iIn either case, the dual of G will be the graph obtained by interchanging vO+ 
and v - for each v c G. For any set S we shall use 1st to denote the number of 
elements in S. 
In our calculations we shall frequently use logarithms both natural and to the 
base 2.. To differentiate we let log denote logarithm to the b.ase 2, and we always 
use Zn to denote the natural logarithm. 
The organization of this paper will be as follows. In Section 2 we shall conlsider 
k -superuniversal graphs as defined :(tbove and shall prove that for each k I:here 
exist arbitralily large k-superun6 erlpal graphs. We shall find upper and lower 
jounds, dependih~ i;l czzti USA;: k., for t% size of the smallest k-superuniversal 
graph, and we shall find various br~~rzds on the possible valences of the vertices of 
these graphs. In !&xtion 3 we shall I,onsider graphs with colorings, and we shall 
F;resent ari apyropriate version oP k -superuniversality for these. We shall then 
conaider the structure of these uew g.raphs both with respect o the properties 
c;-x!‘dered in Section 2 and with respect o properties of colorings. In Section 4 
va shall cdkct various open proh!ef%:~. It should be no+<< t% lilt: methods we 
‘i U’~C in this r>ap<i can Lh u;;;kbf icl directed graphs, tournaments, etc., but 
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the results do not szem do di9er significantly from those obtained in th: cases we 
shall consider here. 
2. Superu&versal graphs 
TCJ check if a given graph is k -superuniversal is necessarily tedious, but the 
following criterion can frequently be used to simplify the computation, especially 
for k small. The proof is left to the reader. 
Lemma 2.1. A graph G iTs k-supevuniuersd iff ir has at least k elements cad giuet! 
any (k - l)-eletneri t subset S of G and any subset T of S there is 2 vertex u E G -- S 
for which II+ n S = 7’. 
It is relatively easy to construct 3- and 4-superuniversal graphs; for example 
Example 2.2. Let {Si : i s n> be aI y sequence of at least two sets each containing 
at least three elements. Then the praph G obtained by letting the vertices of G be 
the set n Si and defining two vertices to be adjacent iff they agree in at least one 
coordinate is easily seen to be 3-superuniversal. 
Example 2.3. In the example above if there a.r’; at least three Si containing at 
least four elements, and if two vertices are defined t(J be adjacent ifT they agree on 
exact13 one coordinate, then the resulting graph can be seen to be 4- 
superuniversal. 
This metho\ does not appear to generalize to 5-superuniversality. Th problem 
comes up when we consider fo’ur sequences which differ only at only one 
coordinate. There is no way to define adjacency so as to allow a vertex which is 
adjacent to exactly two of these sequences, and, in fact, we k.now of no explicit 
examples of 5 -superuniversal graphs. 
On ths other hand, in a strong sense, esst:ntially all finite graphs are 5- 
superuniversal, and, as we se 2 next, for any fixf?d k almost all finite graphs are 
k -superuniversal. 
T;kieorem 21.4. Thepe exists a sequence {ck : 2 < k <x} suclz that lim (c, ) = 0 and 
such that for ix I II >(I + ck) ln (2)k22k there exists on n-element Ck + 1 I- 
superuniversal grrpz. Furthermore, as d+a the ratio of (1 f d) In !2)k’2’ -deww 
graphs which are 1;~: (k -r I)-,soperurLizersd to dC gmp~,s of t,‘zis size is of nrdcr 
essentially no greater than 2-k2d. 
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‘&$ng this and conside::ing the various possibilities, we find 
, 
’ @$t@~~“&&% _ _I 
T &~~~&~&$h~~ 
l33ery 29suller~niuersal graph has at least 4 vertices. There are 3 
+elemmt 2-superuniversa~ graphs of which one is self -dual. 
. . .- I 
a*m~m! 2&b. Every 3-stqeruniversal graph has at least 9 vertices. There is a 3 , 
tit&& <)-element 3-su~erunivevsal graph K3 x K3 (where K3 is the complete graph 
on. 3 ue&&, a.nd it is, therefore, seZ;F-duaZ. 
Now we may combine Theorems 2.5 and 2.6.b to obtain a simple finite differer ce 
equation which, when we solve, yields u 
Theorem 2.7. Every k-superuniversaE graph has at least 10 2k-3 - 1 uerkes. 
Later we shall inqrovi= this result for k 3 10. 
We next consider questiofls concerning numbers of edges and valences of 
vertices of k-siperuniqersal graphs. We begin with lower bounds, and we treat 
the cases k = 2,3 sepr aatoly. The case I& I- 2 is trivial; the valences need be no 
greater than 1 and the number of edges no greater than IG!/2. By Theorem 2.5 
and 2.6.a every vertex of a S-superuniversal graph must have valence at least 4, 
and we see now that this lower bound cannot be raised. 
Thearem 2.8. There exist arl litrarily karge finite 3-superuniversa2 graphs G which 
have 3 lG\ - 9 edges and whil h have exactly 3 vertices with valence greater than 4. 
PFoolE. Let V, = {Vi : 1 s i % (5n) be a cycle; i.e. set vi adjacent to vi +,? and set U, 
adjacent to vl. Then add a f;et U = {r,+, u2,, u,} of three new vertices, and set tbi 
adjacent o Vj unless i = j (Mod 3). It is easily checked that the resulting graphs 
have all of the desired properties. 13 
Cor&ery 2.9. ‘There xist crbitrarily large infinii:e 3-superuniversal graphs which 
have exactly 3 vertices with valence greater than 4. 
mf. To obtain an appropriate denumerahle graph, replace the cycle V,, in the 
above construction by an irafinite “line” Vz = {vi : -00~ I coo), and to obtain 
graphs of cardinal@ K, silnply add K copies of Vz. in both cases ad.d U as 
above. Cl 
In all of the above graphs there are three vertices with high valence. We now 
show th:at his number cannot be reduced. 
‘kmrem Z.10. Every 3-supauniversd graph with al least m ’ - m + 2 vertices 
contains at least three verticzs wit5 valence greater than w.. 
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&&ws easily that IGI - (k -4) =: IG - VI = ISI< 21s’-1 which in turn irnplies 
21”+1’2k-‘>2 IGl--2(k--d)>IGI. q 
Eqtrj$a@ the same argument can be applied to discrete subgraphs of 
suv&&iversal graphs to obtain lower ‘bounds on their complements. 
~WNCN~U~ 2,162, If D is any discrete (or, by duality, complete) subgraph of a 
k -superuniversal graph G, then [ G - D I> 2k-3 log (ID I). 
We set next that in terms of order of magnitude these last two bounds ilre best 
possible. oar method of construction will be that of probabilistic grap?~ theory 
which is described in [2]. 
TheoHm 2,,15, For any k and mbitrarilry large YE there exist (k + l)-superuniversal 
n-element graphs which have fewer t/zan k2kn In (n) edges and which mrtain a 
discrete subgraph whose cornplmmt &as fewer than k2k In (n) uerticex 
P~QM. For f&d k and large n let S be an n-element set, and let A be any subset of 
S, Construt=t the graph G* by connel:tinp each vertex in A to every other verkx in S. 
Now let G be the graph obtained by ns.moving with probability l/2 each edge ot 6 *. A 
standard calculation similar to that used in the proof of Thecrem 2.4 shows that if 
IAl > k2k In in), then with probability greater than zero G will bc f k + l)- 
superuniversal. It is clear that G has the requisite number of edges and that S -a A 
is the required discrete subgzaph. C 
A surprising but immediate appl Ecation of Theorem 2.13 is the improl ement of 
Theorem Z!.7 for k * 10. (The proof will be valid for k >4, but the result is 
we&er than Theorem 2.7 for k c 10.) 
Thmmrn 1,16. For k > 10, every k-superuniversal graph has at least k1Zkm3 ver- 
tices. 
mf. Assume k Z= 10, and let v be any vertex of a k-superuniversal graph G. By 
Theorem 2.13 we have v+ 3 2k-4 log (ICI), and by duality we have the same lower 
bound on v-. Combining these, we have IGI > 2k-3 log (/GI). But by Theorem 2.7 
we have 1 Gf > 2k which yiel& log (I GI) P k. Cl 
We are note that if we apply this construction again using Theorem 2.16 instead 
of Theorem 2.7, we obtain the hound I(31 > 2k-3(k +log (k) - 3), but this is not 
significantly closer to the upper bound k’!2k In (2) which we have from Theorem 
2.4. 
In another direction, we may lock for lower gounds on t le maximal valence 
appearing in a k-superuniversal graph. We find that 51 general we obtain two 
bou.nds depending upcn the number* of edges the graph contains. 
and maxintd valence m, then 
m/n > max ((n/2e)““‘L2), (4 log (n)J2e>*“k-4’) 
Pw& For any set V 4 G define V+ = {U :V G a*), de&m: ;a vtirtex 2) to coWr+ a set 
V iff u E V’, and define a pair [v, Vl to be a j~couerin~. ,pnir ii’f v covers V and 
1 Vi = j. We 3rst note that by k-superuniversality every (k -. 1 )~~element subset of G 
must be covered, so% there must exist at least 
(k - I)-cove&g pairs in G. However, the to%l number of such pa&s is 
which is clearly less than (, ‘>,e/m)(k?I). (Where :?e/lun is, of claurse, the totd valence 
divide& by rhe maGmaI valence.) Hence we have 
which, because m <II, implies (2e/m)mk-‘>n”-‘, /And thus gives us our first 
bound. 
To obtain our second bound, we look at (ir - 3!-covering pairs. Suppose S is 
;rny (k -. 3)-element subset IDf G. If u and v are any two verti.ces in G!. - S, then by 
Lwaperuniversa1it.y there must be vertices r and s in S - such that r is adjacent o 
II antd not v, whillz s is aldjacent to u and not u. Since S is -mall cornrared to G, 
this cle~ly requirc:s that IS’1 be greater than log (n). Thus t:iere must be at least 
( ) k n 3 l(qm - 
(k - 3)-covering pairs in C;. BL f, as above, we also cz*btain an upper bound of 
(2e/nz)(&) such pairs, and tirjs yields our remainirig Ltound. Cl 
We nete that we obtain only Dne bound for 4-.superuntilersal graphs and that 
for Cc 2 5 the bourid (n/2&i(k-2, i:; the sharpt:r of the two bounds unless 2e < 
n(log (n)jtk -2)‘2. We use this shal iler bonnd to obtain a lower bound on m for ~11 
k -sup’xurliveisdi grq3h5, k a 3. 
Cor&Eaq~ 2.18. Every ic-sz.qerrGuersal, tC> 3, graph rJ has at least one vertex 
wi?,dl wlence greater than IG!‘k-- ‘(k-3! 
Tfie case k - 3 follows fr~ti I’heorem 2.10, so assume k2 4, and let G be 
ersal graph with e edges. New suppose that % 3 
e ma A-nal lralence can be no less than the average 
OK fir&e superuniuersal graphs 243 
valence, wc: must halIe m :‘> %&I, an’d the result follows. But if 2e is no greater 
than nt2k -.s)/(k - 1) then the result follows immediately from the bound m/n > 
(ro/2e)ll(k-2j obtained tn Theorem 2.17. Cl 
From this last proof, we see that if an n-element k-superuniversal graph is 
essenilaily homogeneous (its maximal valence is approximately elqual to its 
average valence), then it must have at least n (2k-3)1”k.-i)/2 edges. We use prob- 
abilistic methods again to show that this Theorem 2.I7, and Corollary 2.18 are at 
least clc~se to best possible. The fact that almost all the graphs in question are 
homogeneous follows from [ 11. 
‘l’koren~ 2.19. For n large almost all n-element graphs wirh at most 
M (2k-3VW-I)((k _ 1) ln (2n))l/(k-1) 12 edges are k-superuniversal, essentially homo- 
geneous, and, therefore, have maximal valence approximately 
n’“-2)l(k-3) ((k - 1) In (211))“(~-l’. 
On the other hand, we note that k the graphs constructed in Theorem 2.15 
which were chosen because they had essentially the minimal number of edges 
possible 5 the maximal valence turns out to be of order c ICI. We see next t+at for 
k 35 I&S is not due to tk particular construction we used, but rather follows 
directly from the second bound in Theorem ‘2.1’7. 
Cor~#ary 2.24). If % is any family of k-superzkversal graphs, k 2 S, for which 
there exists a constant c :>O such that each graph G E % contains fewer than 
c 161 log (IGI) edges, then lherc exists a constant (I’ > 0 such that each graph G E: ‘3 
contains at least one vertex with valence greater tr’zan d ICI. 
We conclude this section with an observation on planarity. Suppose G is 
4-superuniversal. By Theorem 2.5 and 2.6.b each of its vertices must have valence 
at least 9, anld it is in fact Ieven easy to see thlat it must contaik a homomorphic 
copy of K5 (the complete graph on 5 vertices) em Jedded in it. Thus it follows that 
Theorem 2.21. No 4-super universal graph is plalzar. 
The case of 3-superuniven,al graphs is much more difficult Purdy [5] has tsh(~ rl 
that no 3-superuniversal grzph with more than 135 vertices can be planar, but the 
general q,Jestion remains open. Pwdy [6] has also shown that for every iink y 
there is a81 upper bound on the number of vertices o f a 3-superunivcrsA graph of 
genus y. 
x * 
1 -, 
y, & is, the> -ir,& of I &AoB, ‘I&@ tb cxAor~ @, “&i& f_ is ihe qtiignment of 
ors 6 thb, v&.i~~s OE ‘lp. The: cjkd@i~n~‘ on 7 is sin$y the requirement 
&at- no t$o +dja@nt -&rticq. &c* &sj~g&&$he~ same color. As usu@, we shall 
aim -always u&? the s~&e&r$o~~~o: &$not+ @oth G and V,, and for any vertex 
DE we let 21+ den&z the$t of &&es aidjacent to 21. However, as we stated 
ear&r, we d&fine Ok- to J% * the *set of ‘v&$&s’ ivhich are? ,notadjacetit o o and 
+hich ‘have not~.been&$g&d. * the same color -as’*, II. ?l”.lp~ &a2 ol I G is again 
by ititerchan&g ‘I,?,; a&& for.ev&y u E V,. Finally, for any 5: E C, we 
set of the form fG1 (c) @-l$$ qdor g&up’, and we define a chroma,graph 
b&zvaGecl iff each ‘of i@ -m’torgr&&c&Wn~ the same number of I vertices. 
efine su~runiversz$ity for~‘chromagraphs. -I; _ _ ’ I I 
1 3.2. A rhromagraph G is k-s~$entniuersal iff given any k-element 
EI for which C& G CG, &Id’ any color preserving embedding  of a 
subgraph, of H into G, there id an extension of g which is a color preserving 
enabed&ng of all of H into G 
As .-before,. we have a somelvhat more convenient criterion for determining 
k-~~uperuniver&ty, and again: .vfe leave the proof-to the reader. 
, 
3.3* A chromagrq& rli Zs. k,&utpe~n@ersa~ ijS h13~, at -least k color groups, 
amd for every wlor group .B of G, every (k L l)-element, subsbf$ H of G-B, and 
euery- subset S of H, there is a verteg v ~2 3 for whi& U’.fT I$ = S. 
with superun~versal grz.&s, for any fixed k lessentialiy ah Ssltinced chroma- 
8% are k:-superuniversal_ The proof again uses the techniques of probabilistic 
graph theory, and the details are Peft to the reader. The precrse theorem is 
. 
re exist5 ~2 sequence jck : 2 C PC < OD) sscch &car lim (ck) = 0 and 
t h (2)k22k there exists a: (k %- I)-mpeqiniuersal 
k + 1: n.-aZel3len8 cokor grcqs. Ft4rthertnore,, as n 
the pwbibihy that a chrOma&q$~ with k + 1 
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We net consider some basic properties of k: -super-universal chromagraphs and 
their consequences. Sorn!e will be analogues of tlhose we have already found for 
ordinary super-universal ;traphs, and, surprisin@y, some will yield new information 
on the possible structure of these ordinary suueruniversal graphs. Th.: pr,oofs are 
‘immediate and are left to the reader. 
3.5. If G is any k-superuniuersn.1 chronragraph, then 
(a) The dual of G is k-supeimkersal. 
(b) For every w E G both ZI+ and u)- are (k - l)-superuniuersal. 
(c) Every &or group of G contains at least 2k zlertices 
(d) lf the coloring of G is dropped, then G will remain a k-superuniversal graph 
even if edges are #added between any number of pairs of vertices as lank; as both such 
uetikes are from the same color group. 
(e) If G contains exactly k color groups, then G does not corltak a set of k + 1 
pairwise adjacent uertice:;. 
Combining (d) and (e) with Theorem 3.4, we have 
Corolhy 3.6. For every k there exist 
(a) Arbitrarily large k-superuniuersal graphs which are not (k .t l)-superuni- 
uersal. 
(b) Arbitrari2.y large k -superuniuersal graphs VV#L. . . . +‘I can be paritioned into Ic 
equal discrete subgraphs. 
(c) Arbitrarily large k-superuniuersal graphs which can iv part’tioned into k 
equal complete subgraphs. 
We note that from (c) of Theorem 3.5 we rla.f<fe 
C~rrokry 3.7. Every k-superuniuersal chromagraph has at lealst k2& uerticey. 
As before, we shall use Theorem 3.5 and Coro\lary 3.7 to obtain stronger results 
for the case k 2 6. 
We note that from (d) of ‘Theorem 3.5 it follolivs that a!11 of OX results on 
vale rices of k -superuniversal graphs can be applied directly to k -super universa 1 
chromagraphs. However, by applying the techniques of Section 2 directly to CO 
groups we not only get somewhat stronger results overall, but we get more precist: 
results in that they tell us, for example, about valIences with respelzi tc; a given 
color group. 
In what follows we shall always assume, for sinn 
of iIa chromagraph as being k-superuniversa!, it will have exa 
Similarly, whenever we speak of a k-super\,niv~rsal or (k + 
c~oma~aph, we shall always a 
2-superuniversality is trivial. (A c’ 
f&f(k) -- l-J/k) p3)(fk-1)‘k. 
t R and I? be color 
s b}, and let m = 
17 we note that each 
must be covered by a vertex from B, so we have 
we set g=jGl and 
qnt subsets of G -43, 
that G is balanced. Then r = b, and stir first result becomes 
= b(k + 11, and so our second result becomes 
ina Ii , r,rire note that 
‘/k(l + l/k)--(k-l)/k > eln(k)lke-(llk)(k-l)/k) 1+ [In (k) _, 11/k. 0 
k 2 4 we have lower bounds on the minimal possible valences of vertices of 
miniiversal chrmagraphs. IV? begin with relative valences, i.e. valences 
res~~~~ to given col01. groups. 
ertiats in G - B such that 
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V, we have )G - 
(/2c:-4, we ar1: done 
since 
From this we mmediately obtain lower bounds on l,otal valence!;. 
If v is any vertex of a k -suptrruniverwl, k 3 4, chromapap.ki and B 
is the largest color group pf G, then 
v+,~pl . log (lGi"--" ]G-Bl)>(k -282k-4 IC;g (IG)). 
Furthermore, if no one color group oj’ G is greater than 1Gi/2, or if u E B, thczrz 
v+ > (k - 1)2k-“’ log (IGI). 
This corollary can now be used to s ow that there is a limit to the degree 3f 
imbalance of a superuniversal chromagraph. Note that the next two coral I arias 
require only that k be no less than 3. 
c>olor group of a k-superunigersal, k 3 I?!, chromagraph 
First suppose that k > 4. Let R be th&$ smallest color group of G, and let u 
be vertex of G - N. Then since IR I is clearly less than i G’1/2, we have 
IV+ n RI > 2k-4 log (ICI). But by duality we also have lo- n R( > Ye4 log (IG)). so 
IRI > 2k-3 log (ICI). Th e case: k = 3 may be proven directly using tn: techniqvlcs 
involved in the proof of Theorem 3.9. Cl 
Finally, we may use these bounds to obtain lower bounds on the size of the 
smallest possible k-superuniversal chromagraphs. Although these bounds ho! 
all k 3 3, they improve upon (c) of Corollary 3.6 only for k 25 6. 
If B is any color group of a k-wperuniversal, r’c 12 Jj, chromagrap.l? 
G, then IB I I=- (k + log ( k))2k-3, and hence IGl> (k2+ k log (k)‘2’? 
We alread!? know l”rom (c) of Theorem 3.5 that 1~3 I 2 k 7 so 
k +log (k). Cl 
As with ordinary superun a&y, 
It to c01l.struct 
ut beyordl this we have no examples. A related 
dl lead to the construction of explicit example!; is
~i~~g given superuniversal graphs into new superuniversal 
stion can be asked with respect o chromagraphs, IancJ. we 
Y* and I~wer bounds for the smalkst such y1 differ by a factor of k. 
en the existence of an n-element k-superuniversal graph or 
to the minimal 3-superuniversal graph and then 
atior! about the general case. 
t of determining whether or riot such 
t 3-superuniversal graph mc st have 
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